We describe all complex geodesics in convex tube domains. In the case when the base of a convex tube domain does not contain any real line, the obtained description involves the notion of boundary measure of a holomorphic map and it is expressed in the language of real Borel measures on the unit circle. Applying our result, we calculate all complex geodesics in convex tube domains with unbounded base covering special class of Reinhardt domains.
Introduction
A domain D ⊂ C n is called a tube if D is of the form Ω + iR n for some domain Ω ⊂ R n , called the base of D. Tube domains play an important role in studies of Reinhardt domains, as any Reinhardt domain contained in (C * ) n admits a natural covering by a tube domain via the mapping (z 1 , . . . , z n ) → (e z 1 , . . . , e zn ). What is more, pseudoconvex Reinhardt domains contained in (C * ) n are exactly those which are covered by convex tubes.
We are interested in tube domains mostly from the point of view of holomorphically invariant distances and the Lempert theorem. It is known that if G ⊂ C n is a pseudoconvex Reinhardt domain and D ⊂ C n is a convex tube covering G ∩ (C * ) n , then any G -extremal disc ( G is the Lempert function for G) which does not intersect the axes can be lifted to a complex geodesic in D. As a consequence, if we know the form of all complex geodesics in D, we obtain a form of all G -extremal discs not intersecting the axes (more precisely, we get a necessary condition for a map to be a G -extremal, as not every geodesic in D produces extremal disc in G).
The problem of characterising complex geodesics for convex tubes may be reduced to the case of taut convex tubes (equivalently: hyperbolic convex tubes, convex tubes without real lines contained in the base; see [2, Theorem 1.1] ). This is a consequence of the fact that any convex tube in C n is linearly biholomorphic to a cartesian product of a taut convex tube and some C k (see Observation 2.2). If D ⊂ C n is a taut convex tube domain and ϕ : D → D is a holomorphic map, then radial limits of ϕ exist almost everywhere and -what is important -ϕ admits a boundary measure (see Section 2 for details).
In Section 3 we give two descriptions of complex geodesics in taut convex tubes in C n . A starting point for us is the characterisation for bounded convex domains presented in [8] and [5, Subsection 8.2] -it states that a holomorphic map ϕ : D → D is a complex geodesic for a bouded convex domain D ⊂ C n if and only if there exists a map h : D → C n of class H 1 such that Re λ h * (λ) • (z − ϕ * (λ)) < 0 for all z ∈ D and almost every λ ∈ T. It does not work in the case when D is a convex tube with unbounded base, because the condition just mentioned is not sufficient for ϕ to be a geodesic -even in the simpliest case when D is a left half-plane in C. We found it possible to add to this condition another one to obtain the equivalence (Theorem 3.3; the map h takes then the form aλ 2 + bλ + a, because D is a tube). Unfortunately, the condition added is not helpful for us in calculating complex geodesics, as it is not a 'boundary condition' (it refers not only to boundary properties of ϕ), while the condition with radial limits seemed to be too weak, because generally radial limits of a map which is not of class H 1 do not give much information about it. Our main idea was to replace these two conditions with another one, making use of the notion of boundary measures of holomorphic maps. We obtain the following characterisation of geodesics, expressed in the language of real Borel measures on the unit circle:
n be a taut convex tube domain and let ϕ : D → D be a holomorphic map with the boundary measure µ. Then ϕ is a complex geodesic for D iff there exists a map h : C → C n of the formāλ 2 + bλ + a with some a ∈ C n , b ∈ R n , such that h ≡ 0 and the measureλ
is negative for every z ∈ D.
The above description refers only to boundary properties of the map ϕ (i.e. only to its boundary measure), what makes it really helpful in calculating complex geodesics for some tube domains with unbounded base. We present how it works in Section 4, especially in our main example -for convex tubes in C 2 covering finite intersections of Reinhardt domains of the form
with some p, q > 0, α ∈ (0, 1) (Example 4.5).
Preliminaries
Let us begin with some notation: D is the unit disc in C, T is the circle ∂D, H − is the left half-plane {z ∈ C : Re z < 0}, is the strip {z ∈ C : Re z ∈ (0, 1)}, L T is the Lebesgue measure on T, and δ λ 0 is the Dirac delta at a point λ 0 ∈ T. By T c , c ∈ D, we denote the automorphism λ → λ−c 1−cλ of D. For z, w ∈ C n , z, w is the hermitian inner product in C n , and z • w is the dot product, i.e. z • w = z,w . Vectors from C n are identified with vertical matrices n × 1, and hence z • w = z T · w, where for a matrix A the symbol A T denotes the transpose of A and · is the standard matrix multiplication. For a holomorphic map ϕ : D → C n , by ϕ * (λ) we denote the radial limit lim r→1 − ϕ(rλ) of ϕ at a point λ ∈ T, whenever it exists. Finally, C(T) is the space of all complex continuous functions on T, equipped with the supremum norm, and
, is the Hardy space on the unit disc.
Let D ⊂ C n be a domain and let ϕ : D → D be holomorphic. The map ϕ is called a complex geodesic in D if ϕ is an isometry with respect to the Poincaré distance in D and the Carathéodory (pseudo)distance in D.
The map ϕ is a complex geodesic in D iff it admits a left inverse on D. By the Lempert theorem, if D is a taut convex domain, then for any pair of points in D there exists a complex geodesic passing through them (see [7] or [5, Chapter 8] for details).
Definition 2.1. We say that a domain D ⊂ C n is a convex tube if D = Ω + iR n for some convex domain Ω ⊂ R n . We call Ω the base of D and we denote it by Re D.
As a quite easy consequence of [2, Theorem 1.1, Propositions 1.2 and 3.5] we obtain the following decomposition:
n be a convex tube domain. Then there exist a number k ∈ {0, . . . n}, a convex tube
The number n−k is equal to the maximal dimension of a real affine subspace contained in Re D. In view of the above observation, it is enough to restrict our considerations to taut convex tubes. If D is a taut convex tube, then k = n and Φ(D) ⊂ H n − . Moreover, if ϕ : D → D is a holomorphic map, then the non-tangential limit ϕ * (λ) exists end belongs to D for almost every λ ∈ T. As we shall see later, ϕ admits also a boundary measure.
Let us recall some facts connected with complex measures on the unit circle. Below, we consider only Borel measures on T so we shall usually omit the word 'Borel'. It is known that any finite positive measure on T is regular in the sense that the measure of any Borel subset A ⊂ T may be approximated by the measures of both compact subsets and open supersets of A. Hence, any complex measure on T is regular, i.e. its variation is a regular measure. In view of the Riesz representation theorem, complex measures on T may be identified with continuous linear functionals on C(T).
We shall use the symbols ·, ·· and • also for measures and functions, e.g. if µ is a tuple (µ 1 , . . . , µ n ) of complex measures and v = (v 1 , . . . , v n ) is a vector or a bounded Borel-measurable mapping on T, then dµ, v is the measure n j=1v j dµ j , and v • dµ is the measure n j=1 v j dµ j , etc. The fact that a real measure ν is positive (resp. negative, null) is shortly denoted by ν ≥ 0 (resp. ν ≤ 0, ν = 0).
Introduce the family
where f µ : D → C is the holomorphic function given by
(by a real measure we mean a complex measure with values in R). It is known (see e.g. [6, p. 10] ) that the measures Re f µ (r·)dL T tend weakly-* to µ when r → 1 − (as continuous linear functionals on C(T), i.e.
for any u ∈ C(T)) and µ is uniquely determined by f µ . Thus, any f ∈ M has a unique decomposition f = f µ + iα; then we call µ the boundary measure of f . One can check, that Re f ≥ 0 on D iff its boundary measure is positive.
If a holomorphic function f : D → C is of class H 1 , then it belongs to M, its boundary measure is just Re f * dL T and the functions f (r·) tend to f * in the L 1 norm with respect to the measure L T (see e.g. [6, p. 35] ). By M n we denote the set of all ϕ = (ϕ 1 , . . . , ϕ n ) ∈ O(D, C n ) with ϕ 1 , . . . , ϕ n ∈ M. In this situation, by the boundary measure of ϕ we mean the n-tuple µ = (µ 1 , . . . , µ n ) of measures with each µ j being the boundary measure of ϕ j . If V is a real m × n matrix and b ∈ R m , then the map λ → V · ϕ(λ) + b belongs to M m and its boundary measure is just V · µ + b dL T . The Herglotz Representation Theorem (see e.g. Let us emphasize that the Poisson formula
(the integral with respect to the tuple µ = (µ 1 , . . . , µ n ) is just the tuple of integrals with respect to µ 1 , . . . , µ n ) may be stated in terms of the boundary measure µ of ϕ, while it cannot be stated using only its radial limits (e.g. for ϕ(λ) = we have Re ϕ * (λ) = 0 for a.e. λ ∈ T, while µ = 2πδ 1 ). This is an advantage of boundary measures over radial limits and the reason for which Theorem 1.1 is formulated in the language of the measure theory.
Characterisations of complex geodesics
In this section we show two characterisations of complex geodesics in taut convex tubes. The first one obtained in Theorem 3.3 is expressed in terms of radial limits of a map and it is similar to the characterisation in the case of bounded convex domains presented in [8] and [5, Subsection 8.2] , while the second one, expressed in the language of measures, is formulated in Theorem 1.1. Although calculating geodesics we mainly use Theorem 1.1, the conditions appearing in Theorem 3.3 are useful in deriving some additional information, as they are 'connected' with those in Theorem 1.1 via Lemma 3.4.
Let us begin with a sufficient condition:
Proposition 3.1. Let D ⊂ C n be a taut convex tube domain, and let ϕ : D → D be a holomorphic map. Suppose that there exists a mapping h : C → C n of the form h(λ) =āλ 2 + bλ + a with some a ∈ C n , b ∈ R n , such that:
(1) That is, the statement holds for (z, λ) ∈ D ×A, where A ⊂ T is a Borel subset of the full L T measure.
(
Then ϕ is a complex geodesic for D.
By [5, Lemma 8.2.2], in the case of a bounded domain D, if there exists some
, then ϕ admits a left inverse on D. In our situation, i.e. when D is a taut convex tube domain, one can show (putting z + isx instead of z in (i), with s ∈ R and fixed x ∈ R n , z ∈ D) that such a function h satisfiesλh(λ) ∈ R n for a.e. λ ∈ T, and hence it must be of the form h(λ) =āλ 2 + bλ + a (see e.g. [4, Lemma 2] ). However, this assumption is no longer sufficient for ϕ to admit a left inverse (and hence to be a complex geodesic for D). For example, take
. One can easily check that ϕ satisfies (i) with h(λ) = λ, but clearly it is not a complex geodesic for D and it does not fulfill (ii).
Actually, the proof of Proposition 3.1 is very similar to the proof of [5, Lemma 8.2.2]. The only trouble appears when we need to use a version of maximum principle for harmonic functions: knowing that u is harmonic on D and u * < 0 a.e. on T, generally we cannot conclude that u < 0 in D (in particular, (ii) does not follow from (i) applied for z = ϕ(0)); something more of u need to be assumed, e.g. that u is bounded from above. This is the reason for which the condition (ii) appears. For the reader's convenience, we show the proof of Proposition 3.1 in section 5. Actually, based on the proof of [5, Lemma 8.2.2] we state a lemma which is somewhat more general than Proposition 3.1 (it works for every domain in C n ) and which gives that proposition as an immediate corollary. The lemma is formulated in a bit different form than the proposition, for reasons explained in Section 5.
Let us remark that if Re D is bounded, then the condition (ii) in Proposition 3.1 can be omitted. This follows from the fact that Re ϕ is bounded and hence the maps ϕ and
are of class H 1 (with h as in Proposition 3.1), so the maximum principle can be applied to deduce (ii) from (i).
Let us now state necessary conditions for a map ϕ is a complex geodesic:
Then:
Propositions 3.1 and 3.2 let us state the following characterisation of geodesics:
Theorem 3.3. Let D ⊂ C n be a taut convex tube domain and let ϕ : D → D be a holomorphic map. Then ϕ is a complex geodesic for D iff there exists a mapping h : C → C n of the formāλ 2 + bλ + a with some a ∈ C n , b ∈ R n , such that:
In particular, h ≡ 0.
There is f z,0 (λ) = λ. We have
On the other hand, as
we have the inequality
In summary, we obtain
Putting z = ϕ(0) we obtain the weak inequality in (iii). The strong one follows from the maximum principle for the harmonic function
, where j ∈ {1, . . . , n} and s ∈ R, we get
Hence, for fixed λ ∈ D the function of variable s on the right side is bounded from below. This implies
Writing h j (λ) = h j (0) + λg j (λ) we obtain
By the maximum principle, Im g j is bounded, so g j and h j are of class H 1 . Tending with λ non-tangentially to T in (4) we obtain Im (λh * j (λ)) = 0 a.e. on T. This implies
so g j (λ) − h j (0)λ is equal to some real constant b j , as g j is of class H 1 . We get (i) (and we can extend h to the whole C).
Tending with λ non-tangentially to T in (3) we obtain the weak inequality in (ii). The strong inequality follows from the fact that for a.e. λ ∈ T the mapping
is affine (over R), non-constant, and hence open.
Note that we can obtain the statement (i) in Proposition 3.2 immediately, using more general fact -see [3, Theorem 3] .
The fact that the condition (ii) from Theorem 3.3 is not a 'boundary' condition makes it not very useful when we want to compute complex geodesics for a given tube domain. On the other hand, the condition with radial limits seems to be too weak in the case of unbounded base of D, because radial limits of a map generally do not give us much information about it. Fortunately, making use of bounadry measures we can replace these two conditions by another one, expressed in the language of the measure theory and referring only to boundary properties of a mapping (Theorem 1.1). These new condition turns out to be useful for calculating complex geodesics for some convex tubes with unbounded base.
Let us note that in the case when Re D is bounded, the boundary measure of a map ϕ is just Re ϕ * dL T and we have the Poisson formula for ϕ with its radial limits. Therefore, for such D the conditions with radial limits seems to be sufficient for our purposes (see e.g. Example 4.6). Theorem 1.1 is a consequence of Theorem 3.3 and the following lemma:
Lemma 3.4. Let D ⊂ C n be a taut convex tube, let ϕ : D → D be a holomorphic map with the boundary measure µ, and let h(λ)
iff the following two conditions holds:
All measures in (m) are regular and real. Let us also note that in view of this lemma, the function h in Theorem 1.1 is the same h as in Theorem 3.3 -we shall use this fact in Section 4.
Proof of Lemma 3.4. We start with showing that the condition (i) ∧ (ii) is equivalent to the following:
where ψ z : D → C is the holomorphic function defined as
for z ∈ D, λ ∈ D * (and extended holomorphically through 0). Indeed, one can check that
for all z ∈ D and a.e. λ ∈ T.
Now, (i) ∧ (ii) implies that Re ψ z is bounded from above and Re ψ * z < 0 a.e. on T, so the maximum principle easily gives (5). On the other hand, (5) let us derive the weak inequalities in (i) and (ii). The strong inequality in (i) follows from the fact that the map z → Re λ h(λ)
is open for a.e. λ ∈ T (as h ≡ 0), and the strong inequality in (ii) is a consequence of the maximum principle, because by (i) with
is not identically equal to 0. Let ν z denote the measure in the condition (m). To finish the proof, it suffices to show that the conditions (5) and (m) are equivalent, and for this it is enough to prove that ψ z ∈ M and ν z is the boundary measure of ψ z .
We claim that the Poisson formula holds for Re ψ z and ν z , i.e.
(this shall finish the proof, in view of the definition of M). Fix z ∈ D. Write
(remember, thatλh(λ) ∈ R for λ ∈ T). The function Re ψ z is clearly equal to the sum of the following three terms:
We havē
(weak-* limit), so the Poisson formula with the measure on the left hand side gives the first term. Next,
so here the Poisson formula gives the second term. Finally, the formula for the measure Re λ h(0) • (z − ϕ(0)) dL T (λ) clearly gives the third term. In summary, we get (8), what finishes the proof of the Lemma.
Calculating complex geodesics
In this section we focus on calculating complex geodesics in convex tubes in C 2 covering finite intersections of Reinhardt domains of the form
with some p, q > 0, α ∈ (0, 1) (Example 4.5). For this, we state two lemmas which partially describe boundary measures of geodesics in some special situations (Lemmas 4.3 and 4.4) and which are afterwards applied to calculate all complex geodesics in Example 4.5. Before we start analysing the examples, let us make a few useful remarks; below we assume that D ⊂ C n is a taut convex tube domain. If ϕ : D → D is a complex geodesic and λ ∈ T is such thatλh(λ) = 0 and the inequality Re λ h(λ) • (z − ϕ * (λ)) < 0 holds for all z ∈ D, then ϕ * (λ) ∈ ∂D and the vectorλh(λ) is outward from D at ϕ * (λ) (and hence it is outward from Re D at Re ϕ * (λ), asλh(λ) ∈ R n ). This observation is helpful in deriving some information about h and ϕ, or even in deriving a formula for ϕ in the case of bounded base of D -similarly as in Example 4.6; however, it is not sufficient if the base of D is unbounded.
If ϕ is a complex geodesic for D, then -by Lemma 3.4 -the function h from Theorem 1.1 satisfies the conclusion of Theorem 3.3, and vice versa (what is more, h may be chosen as in Proposition 3.2). In particular, given a map h as in Theorem 1.1 we can apply for it the conclusions made in previous paragraph.
Let us make the following simple observation: given a finite positive measure ν on T, a non-negative continuous function u on T with u −1 ({0}) = {λ 1 , . . . , λ m }, if udν is a null measure, then ν = m j=1 α j δ λ j for some constants α 1 , . . . , α m ≥ 0.
Recall that by [5, Lemma 8.4.6], if h ∈ O(D, C) is of class H
1 and such thatλh * (λ) > 0 for a.e. λ ∈ T, then h is of the form c(λ−d)(1−dλ) with some d ∈ D, c > 0. In particular, such a function h has at most one zero on T (counting without multiplicities). By the observation above, if ν is a finite negative measure on T such that the measureλh(λ)dν(λ) is null, then ν = αδ λ 0 for some α ≤ 0, λ 0 ∈ T, with αh(λ 0 ) = 0 (we take λ 0 = d if d ∈ T, otherwise ν is null and we put α = 0 with an arbitrary λ 0 ). We shall quite often use this fact.
Let as also note that if for some p, v ∈ R n the inequality Re z − p, v < 0 holds for all z ∈ D and ϕ : D → D is a holomorphic map with the boundary measure µ, then a similar inequality holds for measures: dµ − p dL T , v ≤ 0. This is an immediate consequence of the fact that this measure is equal to the weak-* limit of the negative measures Re ϕ(r·) − p, v dL T , when r → 1
We start with two simple examples: D = H n − and D = (the second one is further needed). Afterwards, we show two lemmas and we move to Example 4.5. for some j 0 ∈ {1, . . . , n}, α < 0, λ 0 ∈ T.
Indeed, assume that ϕ is a geodesic for H n − and let h = (h 1 , . . . , h n ) be as in Theorem
Tending with z to 0 we obtainλh(λ) • dµ(λ) ≥ 0. On the other hand,λh j (λ) ≥ 0 on T, because h in continuous on T andλh(λ) is outward from H n − for a.e. λ ∈ T, and µ j ≤ 0, as Re ϕ j < 0 on D. This impliesλh(λ) • dµ(λ) ≤ 0, and finally:
Since all terms of the above sum are negative measures, we haveλh j (λ)dµ j (λ) = 0 for every j = 1, . . . , n. There exists j 0 such that h j 0 ≡ 0, and as µ j is non-null for every j (because Re ϕ j ≡ 0), the function h j 0 must admit a root λ 0 on T. Hence, we have µ j 0 = αδ λ 0 for some α < 0. In view of (1), the map ϕ j 0 is given by the formula
for some real constant β, what is a well-known form of geodesics in H n − .
Example 4.2.
A map ϕ ∈ M with the boundary measure µ is a complex geodesic for the strip iff (9) µ = χ {λ∈T:λh(λ)>0} dL T for some function h : λ →āλ 2 + bλ + a with a ∈ C, b ∈ R, |b| < 2|a| (the last condition is equivalent to L T ({λ ∈ T :λh(λ) > 0}) ∈ (0, 2π)). Indeed, assume that ϕ is a complex geodesic for and let h be as in Theorem 1.1. The vectorλh(λ) is outward from Re = (0, 1) at Re ϕ * (λ) ∈ ∂Re = {0, 1} for a.e. λ ∈ T, so Re ϕ * (λ) = 1 whenλh(λ) > 0, and Re ϕ * (λ) = 0 whenλh(λ) < 0 (for a.e. λ). Thus µ = Re ϕ * dL T = χ {λ∈T:λh(λ)>0} dL T . As ϕ is non-constant, there is 0 = µ = L T , and hence L T ({λ ∈ T :λh(λ) > 0}) ∈ (0, 2π). It is easy to check (using Theorem 1.1 with the same h as in (9)) that any map ϕ ∈ M with the boundary measure of the form (9) is a geodesic for .
Of course, formulas for geodesics in are well-known, and it is good to write explicitely the formula for a map ϕ with the boundary measure of the form (9) (we shall need it in Example 4.5). By the Poisson formula we have
The mapping
where log denotes the branch of the logarithm with the argument in [0, 2π), is a biholomorphism from D to . It extends continuously to D \ {−1, 1}, and it sends the arc {λ ∈ T : Im λ > 0} to the line 1 + i R and the arc {λ ∈ T : Im λ < 0} to the line i R. The map ϕ(λ) := τ iT c (ā |a| λ) + iIm ϕ(0),
is a complex geodesic for . There is Im ϕ(0) = Im ϕ(0), because c ∈ (−1, 1). One can check that Im (iT c (ā |a| λ)) ∈λh(λ) (0, ∞) for every λ ∈ T, and hence ϕ sends the arc {λ ∈ T :λh(λ) > 0} to the line 1 + i R and the arc {λ ∈ T :λh(λ) < 0} to the line i R. This gives Re ϕ * = Re ϕ * a.e. on T, so ϕ = ϕ, as both of them are of class H 1 and Im ϕ(0) = Im ϕ(0).
In particular, we have the equality
We shall use it in Example 4.5. Let us recall that the above equality holds for every h : C → C of the formāλ 2 + bλ + a, a ∈ C, b ∈ R, with |b| < 2|a|, or equivalently: (ii) If for a holomorphic map ϕ : D → D the mapping ϕ : λ → V · ϕ(λ) is a complex geodesic for D, then ϕ is a complex geodesic for D.
The above lemma let us 'decrease' the dimension n, when we are trying to find a formula for ϕ, provided that the functions h 1 , . . . , h n are linearly dependent. In such situation, if we know formulas for geodesics in D (e.g. for m = 1, because then D is a strip or a half-plane in C), then by (i) we obtain some information about ϕ, and by (ii) we conclude that we cannot get anything more if we have no additional knowledge. We use this lemma in Example 4.5 for D with ∂Re D consisting of segments and half-lines.
The situation when h 1 , . . . , h n are linearly dependent occurs e.g. when for some proper affine subspace W of R n there is Re ϕ Let us note that in the situation as in (ii) the map ϕ admits in fact a left inverse defined on the convex tube domain {z ∈ C n : V · z ∈ D}, which may be larger than D and not taut (its base may contain real lines).
Proof. We prove the first part. The matrix V T may be viewed as a complex linear isomorphism from C m to span C {v 1 , . . . , v m }. The mapping h :
is of the formāλ 2 + bλ + a (with some a ∈ C m , b ∈ R m ) and it satisfies h(λ) T · V = h(λ) T and h ≡ 0. We are going to apply Theorem 1.1 for ϕ, D, h. By weak-* limit argument, the boundary measure µ of ϕ equals V · dµ. For any z ∈ D there isλ
what is a negative measure.
To prove the second part it suffices to observe that if f : D → D is a left inverse for ϕ, then the map z → f (V · z), defined on the domain {z ∈ C n : V · z ∈ D} ⊃ D, is a left inverse for ϕ.
n be a taut convex tube and let p ∈ ∂Re D. Define
Let ϕ : D → D be a complex geodesic for D with the boundary measure µ and let h be as in Theorem 1.1. Put
and Re ϕ * (λ) = p for every λ ∈ A.
In the situation as in the above lemma, if int V = ∅, then we can say that Re D has a 'vertex' at the point p. The aim of the lemma is to handle the situation when Re ϕ * sends some λ's to that vertex. To detect some (not all) of those λ's we analyse behaviour of the function h instead of analysing behaviour of Re ϕ * ; all λ's detected in this way form the set A (this is the reason for which in the definition of A there is int V , not V itselffor λ such thatλh(λ) ∈ V \ int V it is possible that Re ϕ * (λ) = p). This approach let us state not only that Re ϕ * (λ) = p for λ ∈ A, but much more: the boundary measure of ϕ is equal to p dL T on the set A. This lemma plays a key role in Example 4.5. If the set int V is not empty, then it is an open, convex, infinite cone with the vertex at 0. In the case n = 2 one can find two vectors v 1 , v 2 ∈ R n , such that int V consists of those v ∈ R n , which lies 'between' v 1 and v 2 , i. . The map ϕ is clearly a geodesic for D and one can check that if h = (h 1 , h 2 ) is as in Theorem 1.1, then h 1 (1) = 0 and h 2 ≡ 0 (becauseλh 2 (λ) ≥ 0 on T and h has roots on T at 1 and −1).
2 \ {(0, 0)}, we have {λ ∈ T :λh(λ) ∈ V } = T \ {1}, while the measure µ is clearly not equal to (0, 0) on T \ {1}.
Proof. We may assume that int V = ∅. For linearly independent vectors v 1 , . . . , v n ∈ int V set Q v 1 ,...,vn := {α 1 v 1 + . . . + α n v n : α 1 , . . . , α n > 0}.
One can check that the sets Q v 1 ,...,vn form an open covering of int V , and hence it suffices to show the conclusion with the set int V replaced by Q v 1 ,...,vn . Fix v 1 , . . . , v n ∈ int V linearly independent, and let W be a non-singular, real n × n matrix with rows v 1 , . . . , v n . Set Q := Q v 1 ,...,vn , B := {λ ∈ T :λh(λ) ∈ Q}. We are going to show that χ B dµ = pχ B dL T and Re ϕ * = p on B. Let
As µ j = dµ − p dL T , v j , the measures µ j are negative. The mapping
By the definition of µ and h there is
Tending with z to p we obtain
In summary, the measure χ B (λ)λ h(λ) • d µ(λ) is null. As it is the sum of the negative measures χ B (λ)λ h j (λ)d µ j (λ), all of them are null, and hence all χ B d µ j are also null. Therefore
so the first part is proved. For the second, by the Poisson formula for ϕ − p we have More formally: let
(the points p 0 and p m play only a supporting role). The base of D is shown on Figure 1 . By the assumptions we have: 
For a.e. λ ∈ T the vectorλh(λ) is outward from Re D at the boundary point Re ϕ If L T (B) > 0, then for some j 0 ∈ {1, . . . , m} there is L T (B j 0 ) > 0 and the identity principle gives B j 0 = T. Applying part (i) of Lemma 4.3 for the 1 × 2 matrix with the row v j 0 we get that ϕ(·) − p j 0 , v j 0 is a geodesic for H − . In view of part (ii) of that lemma, the condition obtained is sufficient for ϕ is a geodesic, so it is nothing more to do in this case.
Consider the situation when L T (B) = 0; the set B is then finite and v j,2 h 1 −v j,1 h 2 ≡ 0, what in particular gives h 1 ≡ 0, h 2 ≡ 0. By the equation (12) we get that the measure
is negative and in summary it is null. As it is equal to sum of the negative measures χ B (λ)λh 1 (λ)dµ 1 (λ) and χ B (λ)λh 2 (λ)dµ 2 (λ), both of them are null. Each h l has at most one root on T (counting without multiplicities), so
Applying Lemma 4.4 for D, p j , ϕ and h (the set A from the lemma is exactly the set A j ) we obtain
At this point, using (13) and the Poisson formula we can express the map ϕ as an integral (with parameters a, b, α 1 , α 2 , and up to an imaginary constant), but in fact it is possible to derive a direct formula for it with usage of the mappings ϕ h defined in the equation (11) C j := {λ ∈ T : det λ h(λ), v j < 0}, j = 1, . . . , m.
We have C 1 ⊃ C 2 ⊃ . . . ⊃ C m . The set (C j \ C j+1 ) \ A j ⊂ B is of zero Lebesgue measure and A j ⊂ C j \ C j+1 , so χ A j dL T = χ C j dL T − χ C j+1 dL T . Moreover, L T (C 1 ) = 2π and L T (C m ) = 0, because C 1 = {λ ∈ T :λh 2 (λ) > 0} and C m = {λ ∈ T :λh 1 (λ) < 0} = ∅. Thus, the formula (13) may be written as (p j,l − p j−1,l )χ C j dL T + α l δ λ l , l = 1, 2.
The measures χ C j dL T induces complex geodesics in , provided that L T (C j ) ∈ (0, 2π), because C j = {λ ∈ T :λ(v j,1 h 2 (λ) − v j,2 h 1 (λ)) > 0} (see Example 4.2 for details). Therefore, it is good to remove from the sum (15) those j which does not satisfy this condition. For this, set (16) k 1 := max{j ≥ 1 : L T (C j ) = 2π}, k 2 := min{j ≤ m : L T (C j ) = 0}.
There is 1 ≤ k 1 < k 2 ≤ m. By (15) we obtain (17)
(p j,l − p j−1,l )χ C j dL T + α l δ λ l , l = 1, 2 (note that it is possible that the above sum is empty, i.e. that k 1 + 1 > k 2 − 1). Now, for j ∈ {k 1 + 1, . . . , k 2 − 1} we have L T (C j ) ∈ (0, 2π), and the Poisson formula let us derive the following formula for ϕ:
(p j,l − p j−1,l )ϕ v j,1 h 2 −v j,2 h 1 (λ) + α l 2π
where β 1 , β 2 are some real constants and ϕ v j,1 h 2 −v j,2 h 1 are as in (11), i.e. (ii) ϕ(D) ⊂ D and the map ϕ is of the form (18) with some λ 1 , λ 2 ∈ T, α 1 , α 2 ≤ 0, β 1 , β 2 ∈ R, and a map h = (h 1 , h 2 ) of the formāλ 2 + bλ + a with a = (a 1 , a 2 ) ∈ C 2 , b = (b 1 , b 2 ) ∈ R 2 , such thatλh 1 (λ),λh 2 (λ) ≥ 0 on T, α 1 h 1 (λ 1 ) = α 2 h 2 (λ 2 ) = 0, v j,1 h 2 − v j,2 h 1 ≡ 0 for any j = 1 . . . , m, where k 1 , k 2 are given by (16) with C j given by (14).
So far, we have proved only that if ϕ is a complex geodesic for D, then it satisfies one of the above conditions. We are going to show the opposite implication now. Take a holomorphic map ϕ : D → C 2 . If ϕ satisfies (i), then Lemma 4.3 does the job, so consider the situation as in (ii). As ϕ(D) ⊂ D, clearly ϕ admits a boundary measure µ = (µ 1 , µ 2 ).
